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Hence, adjusted date of initial epoch of minimum is, 
1822.25 years, a date 1.1 years before the observed date. 

Final equation, y= 1822.25 + 11.312. 

TABLE 3.-Find results 

Great stress is laid by some writers upon the variability 
of the length of the sun-s ot  cycle, and a great deal of 

one hundred years of observations comprised in the above 
analysis are concerned there is a very striking constancy qf 
fhe p e k d  as shown by the small residuals in Table 3, 
and it is difficult to see any significance to the slight 
fluctuations which a pear. 

In writing down t R e observations in the two cnlumns I 
and I1 of Table 2, it is necessa that the'last observation 

will air off together. 
&en the number of observations is odd the middle 

observation must, of course, stand alone at the font o€ 
either I or 11. It also occurs that the weights in this case 
are always even numbers and end a t  the foot of the table 
with 0 :  that is, the middle observation has 110 weight 
whatever in fixing the value of b'. 

-4s a final comment we may sug est that it will rarely 

number of observations, individually, but rather these 

significance is claimed for t l e variations. In  so far as the 

should always stand opposite t ? e first and then the others 

be necessary to carry out the ca P culations for :t large 

Now the greet simplification comes in (B). Expanding 
the numerator leads to the combination of the observe 
tions into airs, which can be weighted and summed as in 
the last c o k m  of Table 2. The proper weights are n - 1, 
n - 3 ,  n-5, etc., in allcases. 

Furthermore, the denominator is always n definite 
number depending only upon how many observations arc 
used. Ths denominator, N. to ether with the sum of 

computed, once €or all, and are given in Table 4. The 
sums of squhresare really not needed in the present case, 
but are iven as it is sometimes convenient to have t.hem, 

squares of the natural numbers f rom 1 to 25 are easily 

and tab f es containing these values are not very numerous. 

TABLE 4.-Values of N and Z n* for natural numbers 1 lo 36 

IN- [z+ ( n - l p ]  s 1-0, I. 2,3, ea.! 

! ia 
' 13 

I4 

' 18 
I 19 
i m  
1 ai 
I a z  
; a 3  
' 2 4  
,' 25 

.: 
5-27.53 1 

ON KRICHEWSKY'S METHOD OF FITTING 
FREQUENCY CURVES 

By EDGAR \IT. WOOLARD 
1U'e:ither Rnre:in. Washlogtton. D. C.. March 10. lW2.tJ 

Law o€ Facility may be described as the approximate 
expression of t.he relative frequency with which, in the 
long run. different values are rtssumed by a quantity 
which is dependent on a number of vtiriable items or 
dements. given certain conditions which seem to be ade- 
i iititely fillfilled in common ex erience. For csample, 
t\ie L:iw of Ihcility in the fiillil 7 ar case of t.he ordinn.ry 
twors o f  o1)serb-ii.t ion wits exhaustively studied ninny 
years ttgo :tnd has long been accurately represented by 
t.he so-cnlled Gaussian curve of errors, the equation of 
which i s  well known. 

In recent years the great value of being &le to derive 
wit 11 * que.nt.itiitire precision the cixre which shall exhibit, 
the law of facility of a quantity under consideration 
lius c~iiie t.o he rediaed to t i  qeater and greater degree 
in nn iniriiense vt1.riet.y of fie]& of study. In any case 
t.he problem is to tind from it finite number of observations, 
which give A more or less irregular frequency polygon 
or histogram, the curve whch approximates most 
rlnselp to the frequency curve which would result if we 
mild have an infinite number of observations. 

We now have several well-known methods of fitting 
curves to observed frequency distributions. The. first 
difficulty in curve fittin is that of choosing a suitablo 

scendental curve8 that sug est themselves; the second 
difficulty lies in evaluatina t 5 o constants of the equat;ion 
of the adopted curve. h t i l  a comparatively recent 
date, the great majority of applications of the theory of 
frequency curves were to errors of precision measure- 
ments, which, as mentioned above, usually conform 
closely to the Gaussian or Normal Law. As a result, the 
Normal Curve became a Procrustean bed to which all 
ossiblc measurements had to be made to fit; not until 

pate in the nineteenth century did skew curves 
eneral recognition.' Again, it was for a long time ta en 

for granted that the correct method of evaluating the 

curve from among all t i? e possible algebraic and tran- 

5~ 
. __. . - . . - - __ . ... . .. . . ._ - - . ___-___-_ 

1 See &ne Fisher. The Mathematical Tbmw of Probatilittu. Vol. 1.2 4.. pp. 178- 
187. New York, 1822. 
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constants or parameters of any curve is the method of 
least s q m s ,  althon h - i n  nine cases out of ten this 

The two most important s stems of frequency curves 
now in general me are: (1) %'he Gram-Charlier curves, 
developed by Gram, Thiele, Edgeworth, and Charlier, 
which may readily be fitted with the help of the lucid 
exposition of FisherZ and the tables of Jiirgen~en.~ 
(2) The Pearson curves, for which the necessary direc- 
tions haye been excellently set out by Elderton,' and the 
tables athered together by Pearson.s Three methods 

9) Thieltt's method of semi-inva.riants: 
of ev a f  uating arameters arc in use: (1) Method of 
least s uares; L 
(3) met % od of moments. 

Other method? of fitting frequency curves have been 
proposed from time to time: but have not come into 
extensive use. The most recent method, and one which 
a pears to have many merits, is that of Krichewsky.' 
&e author states that his method has been published 
in order that it may undergo the test of practical experi- 
ence over a wide range of problems. It is the purpose 
of the present reviewer to give enough information c9n- 
cerning the method to enable the nonmathematical 
reader and those to whom the original paper may not 
be available actually to fit curves by this process. 

Those interested only in actually applying the process 
may omit t.he followin- sketch of t,he theory and pass 
at once to the racticar directions and illustrative esam- 

necessary; the notation is explained 8gain in these 
directions. It may be noted that the Gamma Func- 
tions, which appear in the formulx, hare been t.abulnted! 
e. g., in Pearson's Tables, and that no knowledge of 
t h e n  theory is required in order to use these tables, 
beyond the fact that I'(z + 1) = rI'(i). 

method turns out to % e impracticable. 

ple, merely re F erring to the numbered formulw when 

Mathematical i.he.o?y.-The frequency curve. 

y=f (x ) ) ,  ' (1) 

in which x varies between the limits 1, and I , ,  will httre 
as its area up to any given ordinate 

the total area being 

i3) 

By the Fundamental Theorem of the Integral Calculus 

(4) 

The type equation which Krichewsky fits to the ob- 
served frequency distribut<ion is 

This equation expresses the conditions that y-0 when 
z = 0 and when z = a, and that y is a maximum for some 
value of z between 0 and a. After the values of the 

____-- 

1916. 
4 W. Pdin Elderton. pmlwrwps &rue# and Correlation. London 1W. 
# Bee. e. g.. J. C. JIapteyn. Skew Frequency Curw in l i b lovy  and SlaWie8. Qronm- 

-1 Peamm. n b k s  /or W i d c l a n s  and Biomrtriciona. Csmtkidge P r a .  1914. 

three parameters k, m, n have been determined, the 
integration of (5) gives (9, which upon being differ- 
entiated gires (1) by virtue of (41. 

A wide range of pitrticular algebraic and transcendental 
curves is covered by (5). If m=n=0.7,964, the curve 
is nornid; if m and n, are between 0 and - 1, J-shaped 
and U-shaped curves result. 

The parameters are evaluated by the. method of 
nioments; the moments 

of the curve (5)  are used for this purpose. Putting 

111 virt lie of (4), the values of the corresponding moments 
of the statistics are given by 

M, = cry', M, = c Z ? / ~ Z .  If2 = cS?~Z'. (7) 
e heing the class interval. 

Eqiitition (5) may be solved by separating the variables, 
but the intclgration involved can not in general be per- 
formed without the use of series (which do not converge 
rapidly) unless m+n is a ositive integer equal to or 

Practical dirtctions for j t t i .ng . - l .  Prepare the fre- 
tuency table and histo am in the usual manner. 

tribution of rainfall amounts at%ashin ton expressed 
in the form of ratios to the mean. 
ordinates of the fre uency curve given by observation 

class frequencies are assumed to be concentrated [column 
(311; in accordance with custom, divide all the fre uen- 
cies by the total frequency, and all the class intern$ by 
tho class interval, making the total frequency a and the 
rlass-interval c each equal to unity; in this way we et 
the table of abscissae and ordinates given in columns 74) 
and (5 ) .  Column (6) merely assigns consecutive num- 
bers, r,  to each observation. 

2. Com ute the successive areas of the histogram up 

grenter than 2. (See (5R) \ elow.) 

bolumns (1) and (2) of f able I 've the frequency dis- 

4 he successive 

are those at the mi 3 points of the classes, at which the 

to each o P the r ordinates [column (711, 

3. Compute the uantities given in columns (8)-(11), 

4. The equation which is to be fitted is not that of 
inclusive; and find t R e sums of columns (7) ,  (81, (91, (11). 

the frequency curve itself, but 

from which the frequency curve is later derived. The 
next step is to compute p,. p, k, m, n b formulae (61, the 
auantities Mo, MI, M, being those inJicated in Table I. 
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5. Find m + n :  (A) If m+s is a positive integer32, 
separate the variables in (5)  and integrate; this gives z 
aa a function of 2, and upon performing the differentia- 
tion (4) we get y= (%), the equation of the frequency 

integer, we may put n = 2 - in and 
curve. If m+n d’ l J  ers very little from such a positive 

n 
~9 n < m  

5, m<ir n 
in (5), and integrate. 
(B) If m + n  is not such n positive integer, C . ~ O ( J S ~  n 

suitable number of equally spacecl values of z from 0 

the correspondiiig theoretical ordinates, y, and Y,,~, 
and Ax have been computed; compute from (5)  yt the 
theoretical value of y corresponding to this area, and 
determine its osition relative to y, b 
6 x  (the area o f the trapezoid formed 

TI (t being in terms of class intervals, an c r  y in terms of 

of y,, yJ to.zq-z,.. 
by 6r as origin, and with t-he 

Take the 

table of corresponding values of z, 2, and , as in Table 

the total frequency) from which the curve may be 
plotted; slight irregularities may result from the use of (9). 

The area of the fitted curve is equal to the area of the 
statistics, and the centers of gravlty of the two tlistri- 
but ions coincide. The mode is given by z = mn/(m + n). 

to 
approximate finite-diff erence formuln 

and compute the corresponding values of A.r l y  t.hc 

as shown in Table 11. Next find 
d = &!/a. - 0.5. (10) 

the distance (in class inten-als) from the last, orclinltte 
of the observed distribution to the ordinate through the 
mean of this distribution, and calculate the area z,, of the 
observed distribution u to this ordinate. In general 
will lie between two o P the areas, z, and z,+~, €or which 

In order to carry the flt out to the llrnits of the nbserved.distdbution it is necessary 
to choow these values mwh doser together near 0 and 1 than in the middle. 

In case TB) it  is not possible to find an equation for the 
frequency curve itself; but in all cases the ordinates cor- 
respondinu to any given awm can easily be found from 
(4) and (57. Pearson’s system gives the equation to the 
frequency curve in all cases, but in general these e ua- 

what is r e d y  desired, cannot be found without great 
labor. The arithmetical work in fitting the curve is 
much more laborious in Pearson’s system than by the 
present method. The resulting fits by the two methods 
appear to be equally good; a number of examples are 
given by Krichewsky. The best-fittin Pearson curve 

eauation- 

tions caniiot be integrated; and areas, which are o 9 ten 

for the data in Tttble I is that of Type f IT given hp the 
2,835 

1 ~ 

y-534.3 ( 1 +- cxp ( -3 .626~) .  

The accainpnnying Figure 1 shows both curves and the 
his togram. 
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prominence but which seem to be based on insacient  
evidence. The object of this letter is to point out that 
t.he argument by which Doctor Meisinger .shows that 
there is a functional relat,ion between his variables z and 
11 shows also t:hat t-here i s  an upper limit to the constmt 
khich he calls CI. 

It is convenient to niake a small change from Mei- 
singer's not.ation and write T, for the average value of 
the absolute temperature betwetm t.he heights 8 and 2. 

By definition y is the ratio of pressures rtt the heights 
z and 8 kilometers above sea level so that y = exp ( - zc/ Ta&, 
where c is a constant. 

If TIsa is the mean v:due of Tb, and ATes the departwe 
from thc iiicm, then, 

p = [ I  + ZCA Tqs! TIaJ esp - ZC/ T'mz.1. 
Similarly, J ,  thc ratio of pressures a t  the heights 1 and 

3 kilometers may he expressed as follows: 
x = [ 1 4- PA T1Zl3:I 7"212] exp ( - c! T'J. 

Sow the regression equiition hy which 2: and ?/ are 
assochi t ~ d  may he written 

y = n;r + 6 + E .  

I !arc o tinrl b arc Meisingw 's constants and c is a residual 
\-aryin.g term which is not. correlated with t .  The 
coettirient n can hr found h ) T  t.he method of least squsres: 
i t  is given hy the equation 

(I = Z  exp [ ( ~ i l " , , ,  - (c,/T',,)] (5"'13/T'~J* ('uss/ula) P ~ . ~ ~  

1:n th is  e uation. u6= and u12 n.re the st,n.ndard deviations 
of 7:= an1 T,? respectively, yhilst T ~ ~ . ~ ~  is t.he correlation 
cto'4licimt for those two varia.bles. 

In discussing the possible values of cc it will suffice for 
our resent purpose to confine attention to the case in 
whic! s and z m e  irlcwt,ic.al with O rtnd 3, respectwely. 
In this cwe, T12 and T,, m e  the rnmn temperatures of 
colunins both centered 1 !...; kilonie ters above ground. 
These two clunnt,itics will clitfer by very little from one 
another in ordinnry circumst.:mres and we may writ,e as 
very good :qqwosimations : 

T'12= TIos 

TABLE I 
. _  

p z 2  
XI02 
(111 

LOU000 
.00000 
.M)oB . @lOWd 
.005i? 
.02108 
.04700 
. 1 1 m  
.I3315 
-14548 
.I9452 
.131Bi 
.I1735 

1011 
.I4871 
.05772 
.05i16 . o1oo(1 
.01% 
.W.562 
.01316 . WSi . mf4 . a n 4 5  
. a m 0  . ooo89 
,00000 
. m 9  . r n ? O  . m24li 

.m . m o  . oo010 

. m n  

-. - 
I 

(4) 

0.5 
1.5 
2.5 
3.5 
4 5  
5.5 
6.5 
i .  5 
8.5 
9.5 

11. 5 
1 2  s 
13.5 
14.5 
15.5 
16. 5 
17. 6 

19. 5 
2Q5 
21.5 
22.5 
23.5 u. 5 
25.5 
28.5 
27.5 
28.5 
29.5 
30 .5  
31.5 
32.5 
33.5 

--- 

i a  5 

ia 5 

- 
-- 
- 

-- - 
r 

(6, 

1 
1 
3 
4 
5 
6 
7 
8 
9 

10 
11  
12 

14 
15 
16 
11 
18 
19 
20 
21 
22 
23 
?4 
?s 
?li 
27 
28 
21, 
30 
31 
3? 
33 
34 

_ _ -  

ia 

- 
. -_ . 

. . . . .. . .- - . . . 
I 

-_ 
Mid- 
nintr 
(3) 

0.05 

- 
a 15 
0.25 
a 35 
a 45 
a s  
a 75 
as5 a m  

0. &5 

1.05 
1.15 
1. ?5 
1.35 
1.4.5 
1.55 
1. 65 
1.75 
1.85 
1.95 
205 
2 15 
Z 26 
2 35 
2 (5 
2 %  
265 
?. i 5  
2 RS 
296 
3.05 
3. I5 
3 . 3  
3.35 - 
- -- 

y: x 1w 
(8) 

I 
(5) 

I. 005 
.018 . 040 
.a33 . 080 
.075 
.080 
.093 
.083 
.m 
.Oi4 
.055 
.05? 
.05i 
.047 .m .on . OL? 
.01? 
.01: 
.012 
.007 
.ooi 
.006 .m .m 
.m 
.OO2 
.002 . o(h5 .m 
.OM) 
.mi 
.a01 

-- 

- 

a0025 0 . ~ ~ 3  
.01M .0324 
.wo . I 6 0 0  .ms .lo89 
. 1 m  .36al 
.1935 .M25 
.a110 .I3400 
.35i5 . W 9  
.4450 .6iX 
..w5 .5329 
.5w .Mi6 .m .3025 
.;I40 .no4 

.8m .2m 

.a580 .0784 

.8855 . 0 7 9  

.91m .w 

.WiO .0144 

. i ~  . 3 ~  

.am4 

.%I970 1 .m 

.(wso .om 

.m51 . m 1  

18 
40 
33 
w )  
75 
80 
83 
82 
73 
14 
55 
52 
57 
47 

27 
22 
12 
17 
I? 
7 
7 
6 
2 
2 
0 
2 
2 
5 
2 
0 
2 
1 

m 

a 7 - a ~  
a m 9  
a el. o 
1.0-1. 1 
1. 1-1.2 
1. S I .  3 
1. a-I. 4 
1.4-1.5 
1.5-1.6 
1.6-1. i 
1. S I .  8 
1.8-1.9 
1. e2 0 
2.0-2 1 
2 1-2 2 
1.24 3 
2 2 - 2 4  
1 1 - 2 5  
2 5 - 2 6  
2 8-2.7 
2 7-28 
2.8-2 9 
2.9-3.0 
3.04 .1  
3 .14 .2  
3 . 2 4 . 3  
3.843.4' 

SumS--',--. 
- 

5.8iM 
M. 

I _- I 

For TI." we mav take the annual mean for the United 
States 1 P12 = 279" 

It follows a that exp (- c/T',,) = :SS47 and henco that 
A = 3 x :8847a r,,s.12 = 2.35 ros.12 

Now the c.orrelation coefficient must be near to unity 
but it can not exceed unity. Hence 2.34 is the'upper 
limit for the coefficient a for 3 kilometers. 

The vdues oht.ained by Doctor Meisinger at  two of 
his st.ations are 3.58 and 2.76, res ectively. These 

by the sup osition that a,, exceeded u12 considerably. 

a large number of "inversions " of tempera,ture but the 
available evldence is against this su position. The 

burg in Gregg's "Aerological Survey of the United 
States" do not show any excessive hequency of cold 
air at the sudace and moreover the observations which 
were utilized both by Gregg and by Melsinger were 

figures seem to be too high: they cod R only be justxed 

This might R appen if the series of observations included 

tables for the stations in question, Groes $ eck and Lees- 

__ -. _ _ _  __ . . - __ .- 
I Oregg: dnobgicrl S u r r g  o$thc VnYed Stafcs. Mo. WeAtaeR REV. SYPP. No. 10. 
I Computer's Handbook. London, 1U17. 11.2.44. 
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C O M M E N T S  ON T H E  LAW OF P R E S S U R E  RATIOS 

By F. J. W .  \VHrPrI.t: 

16 Addison Road. Chiswick, Landon. W 1. January 2, 19241 

In his paper on "The Law of Pressure Ratios and its 
Application to the ChartinF of Isobars in the Lower 
Levels of the Tro osphere,' Dr. C. Le. Roy Meisinger 
has reached concusions P to which he has given some 


